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Abstract. Generalized convex functions preserve many valuable properties of mathematical pro-
gramming problems with convex functions. Generalized monotone maps allow for an extension of
existence results for variational inequality problems with monotone maps. Both models are special
realizations of an abstract equilibrium problem with numerous applications, especially in equilibrium
analysis (e.g., Blum and Oettli, 1994). We survey existence results for equilibrium problems
obtained under generalized convexity and generalized monotonicity. We consider both the scalar
and the vector case. Finally existence results for a system of vector equilibrium problems under gen-
eralized convexity are surveyed which have applications to a system of vector variational inequality
problems. Throughout the survey we demonstrate that the results can be obtained without the rigid
assumptions of convexity and monotonicity.
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1. Introduction

Mathematical programming problems can be viewed as variational inequality prob-
lems. Furthermore both models are special realizations of an abstract equilibrium
problem. A classical assumption in the theory and in the algorithms for mathem-
atical programming problems is the convexity of the objective function. A corres-
ponding assumption for variational inequality problems and equilibrium problems
is monotonicity of the defining map and bifunction, respectively.
These classical assumptions are sufficient, but not necessary. In this survey we

show how various generalizations of convexity and monotonicity allow extensions
of earlier results to certain non-convex and non-monotone problems. Extending
recent results for non-monotone variational inequalities, existence of a solution is
established for equilibrium problems, vector equilibrium problems and systems of
vector equilibrium problems.

�Corresponding author.
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2. FromMathematical ProgrammingProblems toVariational Inequality
Problems

To provide the necessary background, we briefly contrast mathematical program-
ming problems and variational inequality problems.
The mathematical programming problem is defined as follows:

(MP) find x̃ ∈ C such that g�x̃� = min �g�x� � x ∈ C� (1)

where g 	 C → R for some set C ⊆ Rn� As it is well known, numerous ap-
plications of MP arise in management, economics, engineering, natural sciences,
applied mathematics and statistics, for example.
The variational inequality problem (in its simplest form) can be stated as fol-

lows:

(VIP) find x̃ ∈ C such that �G�x̃�� y − x̃� � 0 for all y ∈ C (2)

where G 	 C → Rn for some set C ⊆ Rn� Many applications of VIP are
found in the natural sciences, often in an infinite-dimensional setting, as well as
in economics and management. In fact, a large number of equilibrium problems in
economics, game theory, mechanics and traffic analysis can be cast into this format.
A differentiable MP can be reduced to a VIP where G = �g if G is (gen-

eralized) monotone and g possesses the corresponding (generalized) convexity
property (Konnov, 2001a). A VIP is a considerably more general model since
a differentiable map G is a gradient map if and only if the Jacobian of G is a
symmetric matrix.
In the classical theory of MP and VIP it is assumed that, in addition to con-

vexity and closedness of C, the function g is convex and the map G is monotone,
respectively. Moving from a differentiable MP to the equivalent VIP, the assump-
tion of monotonicity of G is not surprising since convexity of g corresponds to
monotonicity ofG = �g.
Although these classical assumptions are often satisfied, in many cases they are

not. At this point it is important to realize that they are sufficient, but not necessary
conditions in the theory and algorithms for MP and VIP, respectively.
In case of MP, a theory of generalized convex functions has been developed

and their usefulness has been demonstrated during the last several decades (e.g.,
Schaible and Ziemba, 1981; Avriel et al., 1988; Singh and Dass, 1989; Cambini et
al., 1990; Komlosi et al., 1994; Crouzeix et al., 1998; Hadjisavvas et al., 2001).
On the other hand, a systematic study of generalized monotone maps has only

begun during the last decade. Since Karamardian and Schaible (1990) appeared,
a sharp increase in interest in the topic can be noticed. Well over two hundred
publications have appeared since then on concepts of generalized monotonicity
and their uses. While the theory of generalized convexMP is well developed, some
good progress at best has been made in the study of generalized monotone VIP.
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3. Basic concepts of Generalized Convex Functions and Generalized
Monotone Maps

Given the connection between MP and VIP, it is only natural to define different
kinds of generalized monotonicity in such a way that in the special case of a
gradient map G = �g generalized monotonicity of some kind is equivalent to
generalized convexity of some kind of the underlying function g.
In MP the following basic types of (generalized) convex functions are com-

monly used (Avriel et al., 1988):

• convex (cx), strictly convex (s.cx);
• quasiconvex (qcx), strictly quasiconvex (s.qcx), semistrictly quasiconvex (ss.qcx);
• pseudoconvex (pcx), strictly pseudoconvex (s.pcx).
These functions are related to each other as follows where all the inclusions are

proper. (A ss.qcx function is qcx, if it is lower semicontinuous.)

qcx
↑

cx → pcx → ss.qcx
↑ ↑ ↑
s.cx→ s.pcx→ s.qcx

We now present the definitions (Avriel et al.,1988). Consider g 	 C → R where
C ⊆ Rn is convex.

• g is convex if for all x� y ∈ C and t ∈ �0�1��
g�tx+ �1− t�y� � tg�x�+ �1− t�g�y�; (3)

• g is strictly convex if (3) is a strict inequality for x �= y;
• g is quasiconvex if for all x� y ∈ C such that g�x� � g�y�, t ∈ �0�1��

g�tx+ �1− t�y� � g�y�� (4)

• g is strictly quasiconvex if (4) is a strict inequality for x �= y;
• g is semistrictly quasiconvex if for all x� y ∈ C such that g�x� < g�y�, the
inequality in (4) is strict.

For the remaining two types of generalized convex functions one assumes differ-
entiability of g on an open set C ⊆ Rn, although more general definitions are
available (Avriel et al.,1988):

• g is pseudoconvex if for all x� y ∈ C
��g�x�� y − x� � 0 ⇒ g�y� � g�x�; (5)
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• g is strictly pseudoconvex if or all x� y ∈ C the second inequality in (5) is
strict.

Different kinds of generalized convexity preserve different properties of convex
functions. E.g., the characteristic of a pseudoconvex function is that a stationary
point is a global minimum. Furthermore, for a semistrictly quasiconvex function
a local is a global minimum. For a quasiconvex function the lower level sets are
convex. Finally, the qualifier ’strict’ indicates that a global minimum is unique.
In contrast to convex functions, inflection points are admissible for all types of
generalized convex functions.
Turning now to (generalized) monotone maps, the following basic types are

commonly used in VIP (Karamardian, 1976; Hassouni, 1983; Karamardian and
Schaible, 1990; Hadjisavvas and Schaible, 1993):

• monotone (m), strictly monotone (s.m.);
• quasimonotone (qm), strictly quasimonotone (s.qm), semistricly quasimono-
tone (ss.qm);

• pseudomonotone (pm), strictly pseudomonotone (s.pm).

These maps are related to each other as follows where all the inclusions are proper:

qm
↑

m → pm → ss.qm
↑ ↑ ↑
s.m→ s.pm→ s.qm

We now present the definitions (Hadjisavvas and Schaible, 1993; Hassouni, 1983;
Karamardian, 1976; Karamardian and Schaible, 1990). Consider G 	 C → Rn

where C ⊆ Rn�

• G is monotone on C if for all x� y ∈ C�

�G�y�−G�x�� y − x� � 0� (6)

• G is strictly monotone on C if for all x� y ∈ C�x �= y�

�G�y�−G�x�� y − x� > 0� (7)

• G is quasimonotone on C if for all x� y ∈ C�

�G�x�� y − x� > 0 ⇒ �G�y�� y − x� � 0� (8)



EQUILIBRIUM PROBLEMS 125

• G is strictly quasimonotone on C if G is quasimonotone on C and for all
x� y ∈ C�x �= y� there exists z = tx+ �1− t�y� t ∈ �0�1� � such that

�G�z�� y − x� �= 0� (9)

• G is semistrictly quasimonotone on C ifG is quasimonotone on C and for all
x� y ∈ C�x �= y�

�G�x�� y − x� > 0 ⇒ �G�z�� y − x� > 0 (10)

for some z = tx+ �1− t�y� t ∈ (
0� 12

)
;

• G is pseudomonotone on C if for all x� y ∈ C�
�G�x�� y − x� � 0 ⇒ �G�y�� y − x� � 0 (11)

which is equivalent to

�G�x�� y − x� > 0 ⇒ �G�y�� y − x� > 0�
• G is strictly pseudomonotone on C if for all x� y ∈ C�x �= y�

�G�x�� y − x� � 0 ⇒ �G�y�� y − x� > 0� (12)

If G is continuous, quasimonotonicity does not have to be required explicitely for
strictly/semistrictly quasimonotone maps since it is implied by (9), (10), respect-
ively. In terms of original references for the concepts above, see (Karamardian,
1976) for pseudomonotone maps, (Hassouni, 1983) and independently (Karamar-
dian and Schaible, 1990) for quasimonotone maps, (Karamardian and Schaible,
1990) for strictly pseudomonotone maps and (Hadjisavvas and Schaible, 1993) for
strictly and semistrictly quasimonotone maps.
We mention that the definitions of semistrict quasiconvexity for functions and

semistrict quasimonotonicity for maps do not quite conform to each other in the
general case. While semistrictly quasiconvex functions need not be quasiconvex
(unless they are lower semicontinuous), semistrictly quasimonotonemaps are quasi-
monotone by definition. To overcome this incongruence in the terminology, the lat-
ter are often called explicitly quasimonotone since semistrictly quasiconvex func-
tions which are quasiconvex have been called explicitly quasiconvex in the past
(Konnov, 2001a).
In the special case of a gradient map G = �g, where g is differentiable on the

open convex set C ⊆ Rn it can be shown (Karamardian, 1976; Hassouni, 1983;
Karamardian and Schaible, 1990; Hadjisavvas and Schaible, 1993):

THEOREM 1. The map G = �g is quasimonotone (respectively, strictly quasi-
monotone,semistrictlyquasimonotone,pseudomonotone,strictlypseudomonotone)
if and only if the function g is quasiconvex (respectively, strictly quasiconvex,
semistrictly quasiconvex, pseudoconvex, strictly pseudoconvex).
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4. From Variational Inequality Problems to Equilibrium Problems

Both MP and VIP as well as several other classical problems can be viewed as
special realizations of an abstract equilibrium problem (Blum and Oettli, 1994;
Brezis et al., 1972; Zukhovitskii et al., 1969). Given a set C ⊆ Rn� consider a
bifunction F 	 C × C → R such that F�x�x� � 0 for all x ∈ C. The equilibrium
problem is defined as follows:

(EP) find x̃ ∈ C such that F�x̃� y� � 0 for all y ∈ C� (13)

According to (Blum and Oettli, 1994), the following classical problems can be cast
into this format:

• general MP: F�x� y� = g�y�− g�x��
• Gateaux differentiable convex MP: F�x� y� = �Dg�x�� y − x��
• saddlepointproblem:F�x� y� = h�y1� x2�−h�x1� y2�wherex = �x1� x2�� y =
�y1� y2��

• Nash equilibrium problem in a non-cooperative game:

F�x� y� =∑
i∈I
�fi�x

i� yi�− fi�x��

where fi is the loss function of player i and x
i is the vector obtained from x

by deleting component i�
• fixed point problem: F�x� y� = �x−G�x�� y− x� whereG is the operator of
the fixed point problem;

• VIP: F�x� y� = �G�x�� y − x��
• generalized VIP: F�x� y� = maxz∈G�x��z� y − x� where G is a multivalued
map.

Each of these classical problems has numerous applications, including but not
limited to equilibrium problems in economics, game theory, traffic analysis and
mechanics. Hence collectively the equilibrium problem EP covers a vast range of
applications. This very general model was studied by Zukhovitskii et al. (1969);
Brezis et al. (1972) and was revisited in the 1990s by Blum and Oettli (1994). In
these studies the bifunction F is usually assumed to be monotone. We note that
Brezis et al. also considered pseudomonotone maps (without using this term).
F is monotone (m) if for all x� y ∈ C

F�x� y�+ F�y� x� � 0� (14)

In case of VIP monotonicity of F�x� y� = �G�x�� y − x� is equivalent to
monotonicity of the mapG.
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As it is clear from the above realizations of the EP, the bifunction is often not
monotone. Meanwhile generalized monotone bifunctions have been introduced for
EP. The following basic types of generalized monotone bifunctions are considered
below (Bianchi and Schaible, 1996):

• F is quasimonotone (qm) if for all x� y ∈ C
F�x� y� > 0 ⇒ F�y� x� � 0� (15)

• F is strictly quasimonotone (s.qm) if it is quasimonotone and for all x� y ∈
C�x �= y� there exists z in the open interval between x and y such that

either F�z� x� �= 0 or F�z� y� �= 0� (16)

• F is pseudomonotone (pm) if for all x� y ∈ C
F�x� y� � 0 ⇒ F�y� x� � 0� (17)

• F is strictly pseudomonotone (s.pm) if for all x� y ∈ C�x �= y�

F�x� y� � 0 ⇒ F�y� x� < 0� (18)

In (17) both inequalities can be replaced by strict inequalities.

The following inclusions hold which are proper:

m→ pm → qm
↑ ↑
s.pm→ s.qm

The last inclusion is true if F�·� y� is hemicontinuous for all y ∈ C� In case of a
bifunction F�x� y� = �G�x�� y − x� generalized monotonicity of F is equivalent
to the corresponding generalized monotonicity of the mapG.
In our review of generalized convex MP and generalized monotone VIP and EP

we adopted a finite-dimensional setting, partially since MP were our starting point.
A fine example of employing a generalized monotone VIP in solving the problem
of minimizing a generalized convex functional over a convex set of an infinite-
dimensional space is given by Yao (1994). From now on we will review existence
results for generalized monotone EP. Therefore we adopt an infinite-dimensional
setting throughout the remainder of this survey.

5. Equilibrium Problems under Quasimonotonicity

Most of the literature on generalized monotone VIP and EP is concerned with the
existence of a solution. Among the publications most deal with the case which is



128 M. BIANCHI AND S. SCHAIBLE

the easiest from an analysis point of view, namely with pseudomonotone VIP. A
departure from this direction can be found in the work of Hadjisavvas and Schaible
(1996), where the existence of a solution for quasimonotone VIP is studied as well.
In a follow-up paper by Bianchi and Schaible (1996) the results in (Hadjisavvas and
Schaible, 1996) were extended to generalized monotone EP. Both the quasimono-
tone and pseudomonotone case are treated again. In this section we summarize
some of the major results in this work.
Since applications of EP sometimes involve an infinite-dimensional space, the

results in (Bianchi and Schaible, 1996) are derived in an abstract setting. Let X
be a real topological Hausdorff vector space. Given a nonempty closed convex set
C ⊆ X and a bifunction F 	 C × C → R such that F�x�x� � 0 for all x ∈ C�

we are interested in conditions for the non-monotone and non-convex case which
guarantee the existence of a solution for EP. Following an approach similar to that
for quasimonotone VIP in (Hadjisavvas and Schaible, 1996), we can show (Bianchi
and Schaible, 1996):

THEOREM 2. Suppose conditions (i)-(vi) hold:

(i) F�·� y� is hemicontinuous for all y ∈ C�
(ii) F�x� ·� is lower semicontinuous and semistrictly quasiconvex for all x ∈ C�
(iii) F�x� y� is quasimonotone on C ×C�

(iv) there exist a compact set B ⊆ X and y0 ∈ B ∩C such that F�x� y0� < 0 for all
x ∈ C\B (coercivity);

(v) F�x� y� = 0�F �x� ỹ� > 0 imply F�x� tỹ + �1− t�y� > 0 for all t ∈ �0�1�
and x ∈ C (which holds if F�x� ·� is semistictly quasiconcave for all x ∈ C

or F�x� y� = �G�x�� y − x� );
(vi) the algebraic interior of C is nonempty.

Then EP has a solution.

In the proof Ky Fan’s Lemma (Fan, 1961) plays an important role.

In the special case where the bifunction F is even pseudomonotone, conditions
(v) and (vi) are not needed. It can be shown that in this case the solution set is
nonempty, compact and convex. If F is strictly pseudomonotone, then the solution
is unique. In the quasimonotone case additional results can be obtained for the set
of nontrivial solutions, i.e., solutions x̃ such that F�x̃� y� > 0 for some y ∈ C

(Bianchi and Schaible, 1996).
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6. Vector Equilibrium Problems under Quasimonotonicity

The existence result in (Bianchi and Schaible, 1996) can further be extended to the
case of equilibrium problems with vector-valued bifunctions as shown in the paper
by Bianchi et al. (1997). In addition to the assumptions of the previous section we
consider a real locally convex vector space Y and a bifunction F 	 C × C → Y �
With help of a pointed closed convex cone K with nonempty interior int K we
introduce the partial order

x � y if and only if y − x ∈ K�
Moreover

x ≮ y if and only if y − x � int K�

Following the scalar case we assume F�x�x� � 0 for all x ∈ C�
The vector equilibrium problem is defined as follows (Bianchi et al., 1997):

(VEP) find x̃ ∈ C such that F�x̃� y� ≮ 0 for all y ∈ C�
(19)

Special cases of the VEP are the vector variational inequality problem and the
vector optimization problem (Bianchi et al., 1997).
The following extensions of generalized monotonicity concepts for bifunctions

to the vector case have proved useful (Bianchi et al., 1997):

• F is monotone (m) if for all x� y ∈ C
F�x� y�+ F�y� x� � 0� (20)

• F is quasimonotone (qm) if for all x� y ∈ C
F�x� y� > 0 ⇒ F�y� x� � 0� (21)

• F is pseudomonotone (pm) if for all x� y ∈ C
F�x� y� ≮ 0 ⇒ F�y� x� ≯ 0� (22)

• F is strictly pseudomonotone (s.pm) if for all x� y ∈ C�x �= y�

F�x� y� ≮ 0 ⇒ F�y� x� < 0� (23)

The following inclusions hold which are proper:

m→ pm → qm
↑
s.pm
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Before presenting the main existence results in (Bianchi et al., 1997), we point
out that for vector-valued functions and bifunctions an extension of hemicontinu-
ity, lower semicontinuity, quasiconvexity, semistrict quasiconvexity can be defined
with help of the partial order in Y (Bianchi et al., 1997). An additional concept
is needed which was introduced earlier in (Jeyakumar et al., 1993). A function
f 	 C → Y is called *-semistrictly quasiconvex (quasiconcave) if  � f 	 C → R
is semistrictly quasiconvex (quasiconcave) for all nontrivial  in the dual cone of
K� One can show that a lower semicontinuous *-semistrictly quasiconvex function
is quasiconvex and semistrictly quasiconvex.
We can then prove (Bianchi et al., 1997):

THEOREM 3. Suppose conditions (i)–(vi) hold:

(i) F�·� y� is hemicontinuous for all y ∈ C�
(ii) F�x� ·� is lower semicontinuous and *-semistrictly quasiconvex for all x ∈ C�
(iii) F�x� y� is quasimonotone on C ×C�
(iv) there exist a compact set B ⊆ X and y0 ∈ B ∩C such that F�x� y0� < 0 for all

x ∈ C\B (coercivity);
(v) F�x� ·� is *-semistrictly quasiconcave for all x ∈ C�
(vi) the algebraic interior of C is nonempty.

Then VEP has a solution.

Like in the scalar case, the proof makes use of Ky Fan’s Lemma (Fan, 1961).
In the special case of a pseudomonotone bifunction F assumptions (v) and (vi)

are not needed and in (ii) *-semistrict quasiconvexity can be relaxed to semistrict
quasiconvexity. Under these conditions the solution set of VEP is nonempty and
compact. But it is not convex in general as in the scalar case. This is not sur-
prising since the VEP includes vector optimization problems as a special case
where the solution set is known to be non-convex in general. Finally, for a strictly
pseudomonotone bifunction in a VEP the solution is unique.
In the follow-up study (Hadjisavvas and Schaible, 1998), inspired by the work in

(Oettli, 1997), Hadjisavvas and Schaible arrived at stronger existence results for the
VEP. It could be shown that the rather strong assumption F�x�x� � 0 in the vector
case can be relaxed to F�x�x� ≮ 0 for all x ∈ C. Furthermore other conditions
in Theorem 3 can be weakened. For details as well as related existence results
for vector variational inequality problems we refer to (Hadjisavvas and Schaible,
1998).
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7. A System of Vector Equilibrium Problems

In a very recent study by Ansari et al. (2000) a system of vector equilibrium prob-
lems has been introduced; i.e., a family of vector equilibrium problems defined on a
product set. A special case, a system of (scalar) variational inequality problems was
considered earlier by Pang (1985). He showed that traffic equilibrium problems,
spatial equilibrium problems and general equilibrium programming problems give
rise to a system of variational inequalities rather than to a single variational in-
equality. Later this model was studied also by Cohen and Chaplais (1988) and
by Bianchi (1993). Existence results were derived in (Bianchi, 1993) assuming
pseudomonotonicity extended to product sets.
Let I be an index set. For each i ∈ I�Xi denotes a real topological Hausdorff

vector space and Ci ⊆ Xi a nonempty convex set. Let X = ∏
i∈I Xi and C =∏

i∈I Ci. Consider further a real topological Hausdorff vector space Y . Given a
pointed closed convex cone K ⊆ Y with nonempty interior int K� we introduce a
partial order in Y in the usual way. Consider a set of bifunctions Fi 	 C ×Ci → Y .
The system of vector equilibrium problems is defined as follows:

(SVEP) find x̃ ∈ C : ∀ i ∈ I�Fi�x̃� yi� � −int K ∀yi ∈ Ci� (24)

The following theorem, the main result in (Ansari et al., 2000), involves the
concept of a K-quasiconvex vector-valued function f 	 M → Y where M is a
nonempty convex subset of a topological vector space (Luc, 1989): f is called K-
quasiconvex if for all " ∈ Y the set �x ∈M 	 f�x�− " ∈ −K� is convex. In the
result below, xi denotes the vector derived from x ∈ X by omitting component xi�
Using a recent fixed point theorem by Ansari and Yao (1999), we can show

(Ansari et al., 2000):

THEOREM 4. For each i ∈ I� let Ci ⊆ Xi be nonempty convex and compact, and
Fi 	 C × Ci → Y such that Fi�x� xi� = 0 for all x = �xi� xi� ∈ C� Suppose that
the following conditions hold:

(i) yi → Fi�x� yi� is K−quasiconvex for all i ∈ I� x ∈ C�
(ii) Fi is continuous on C ×Ci for all i ∈ I �
Then the solution set of the SVEP is nonempty and compact.

If Ci is not compact, the existence of a solution can still be established if instead of
condition (ii) continuity of Fi on all compact convex subsets of C ×Ci is assumed
and a coercivity assumption is added (Ansari et al., 2000).
The general existence result in Theorem 4 was specialized in (Ansari et al.,

2000) to a system of vector variational inequality problems. For each i ∈ I , letGi 	
C → L�Xi� Y � be a given map, where L�Xi� Y � denotes the space of all continuous
linear operators fromXi to Y . The system of vector variational inequality problems
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is defined as follows:

(SVVIP) find x̃ ∈ C : ∀ i ∈ I� �Gi�x̃�� yi − x̃i� � −int K ∀yi ∈ Ci (25)

where �s� xi� denotes the evaluation of s ∈ L�Xi� Y � at xi ∈ Xi�If Y = R and K =
�x ∈ R 	 x � 0� � then the SVVIP becomes the system of variational inequalities
studied in (Ansari and Yao, 1999; Bianchi, 1993; Cohen and Chaplais, 1988; Pang,
1985). Specializing Theorem 4, it follows (Ansari et al., 2000):

COROLLARY 7.1. For each i ∈ I , let Ci ⊆ Xi be nonempty convex and com-
pact, let L�Xi� Y � be equipped with the uniform convergence topology and Gi be
continuous on C� Then there exists a solution x̃ of the SVVIP.

Based on Corollary 5, an existence result for a system of vector optimization prob-
lems was derived in (Ansari et al., 2000). This in turn can be used to establish
the existence of a solution of the associated Nash equilibrium problem involving
vector-valued functions.
Results more general than Theorem 4 and Corollary 5 have been obtained in a

follow-up study by Ansari et al. (2002) allowing for multivalued bifunctions.
A system of generalized vector equilibrium problems is defined as follows:

(SGVEP) find x̃ ∈ C 	 ∀ i ∈ I�Fi�x̃� yi� � −int Ki�x̃� ∀yi ∈ Ci� (26)

Compared with SVEP above, three extensions have been introduced in this
model: Fi is multi-valued, the ordering cone Ki�x� depends on i and it is moving
with x ∈ C� (For multi-valued generalized monotone maps see (Hadjisavvas and
Schaible (2001)). The existence result obtained in (Ansari et al., 2002) is based
on a maximal element theorem by Deguire et al. (1999). Like for SVEP, a certain
generalized convexity assumption is used to prove the existence of a solution for
SGVEP.

8. Conclusion

In this survey we have seen how certain concepts of generalized convexity and
generalized monotonicity prove to be sufficient to derive the existence of a solution
for a series of increasingly more complex models. In all these results the rigid
assumptions of convexity and monotonicity can be relaxed to various kinds of
generalized convexity and generalized monotonicity.
Generalized convexity of functions was developed for MP to relax the restrictive

assumption of convexity in applications (Avriel et al., 1988). Moving from MP
to the more general VIP (Section 2), necessitates the introduction of generalized
monotone maps (Section 3). Moving from there to the considerably more general
EP, leads to concepts of generalized monotone bifunctions (Section 4). As Sections
5 and 6 demonstrate, existence results for EP and VEP make use of both general-
ized convexity and generalizedmonotonicity concepts. Finally existence results for
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the even more general models SVEP and SGVEP in Section 7 are derived under
certain generalized convexity assumptions.
Throughout this survey it has become clear that neither the restrictive assump-

tion of convexity of a function nor the rigid assumption of monotonicity of a map
or bifunction are necessary to guarantee valuable properties of the increasingly
more complex models MP, VIP, EP, VEP, SVEP and SGVEP. There is a growing
literature which proves this point. For this we refer the reader to the references in
the publications selected for the present survey.
As an example of a very recent development we point out the effort to specialize

generalized monotonicity concepts for scalar and vector variational inequalities
over product sets; (e.g., see Allevi et al., 2001; Konnov, 2001b). This promising
approach allows to derive new existence and uniqueness results.
Most studies on generalized monotone VIP and EP are concerned with existence

and uniqueness questions. By contrast, Konnov in his very recentmonograph (Kon-
nov, 2001a) emphasizes solution methods for generalized monotone problems.
Clearly there is a need for more work in this important direction.
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